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A. I. Markushevich (1908-1979) was one of those mathematic- 
ians for whom the history of science was not simply a matter of 
idle curiosity but a long-term subject of systematic research. 
Not only was he a highly cultured man with wide interests; he 
was also a distinguished expert on the theory of analytic func- 
tions, a historian of analysis, a prominent figure in the field 
of education, and a renowned bibliophile and book collector. 
While this article deals primarily with his historical-mathe- 
matical works, a few words are in order concerning the life of 
this outstanding man whose personal charm won the hearts of all 
those who knew him personally. 
Alexei Ivanovich Markushevich was born on April 2, 1908, at 
Petrozavodsk. His father was an architect. In 1916 his family 
moved to Semypalatinsk, where he finished high school and then 
went on to continue his studies at the Central Asia (now the 
Tashkent) State University. He was in Tashkent from 1925 to 
1930. During this period, while still a student, he published 
two articles on the theory of numbers, a subject to which he 
never returned. After graduation from the university, he taught 
mathematics in the higher technical schools of Tashkent, but soon 
became a postgraduate student of Academician M. A. Lavrentiev 
(recently deceased, 1980) at Moscow State University. In 1934, 
Markushevich obtained his Master's degree with a thesis on the 
theory of conformal mappings, and then began teaching at Moscow 
University, where he maintained close associations for the rest 
of his life. In 1944 he obtained both his doctorate and a pro- 
fessorship on the strength of his dissertation dealing with the 
questions of the theory of approximations and series expansions 
of functions. From 1934 to 1937, and again from 1943 to 1947, 
he was head of the mathematical editorial staff of the State 
Technical and Theoretical Publishing House. In 1945, having 
been elected a corresponding member of the Academy of Pedagogical 
Sciences of the Russian Federation, he launched his activity in 
the field of education. In the same year he was elected a full 
member of that Academy, which later was transformed into the 
USSR Academy of Pedagogical Sciences. He was a vice-president 
from 1964 to 1975. These were his most active years in the 
sphere of public education. From 1965 to 1970 he also headed 
the joint commission of the Presidium of the USSR Academy of 
Sciences and the Academy of Pedagogical Sciences, which was re- 
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sponsible for preparing a new draft for school reform. He also 
contributed to the writing of a number of textbooks for new syl- 
labi. Moreover, Markushevich was a member of several scientific 
councils and editorial boards responsible for such publications 
as YCl-IeXU MaTeMaTWIeCKPiX HaYK, MCTOpPiKO-MaTeMaTWIeCKtie 
HCCJ'Ie~OBaHM~, and others. For several years he was the Chair- 
man of the Joint Scientific Council on the History of Physical 
and Mathematical Sciences at the Institute of the History of 
Natural Science and Technology of the USSR Academy of Sciences 
(where the Corresponding Master's degree theses are defended). 
In 1975 he retired, but he continued and even redoubled his 
scientific and literary activities. He died of a heart attack 
on June 4, 1979. 
Markushevich has harmoniously combined all his main interests 
in both his scientific and pedagogical activities. He studied 
the history of mathematics, employing his mathematical erudition 
and talents. He always based his studies on primary sources 
and this was quite naturally related to his interests in book 
collecting. He considered the history of science to be an im- 
portant means of educating youth in the spirit of science, philos. 
ophy 8 and morality. Markushevich attached particular importance, 
as he said, to "meeting the classics." 
"It is very important for all those who study or teach mathe- 
matics," he wrote, "to hear the genuine voices of the founders 
of mathematical science. Only then will our ideas about these 
remarkable people be embodied in flesh, and we shall see with our 
own eyes the mathematical ideas, notions and facts in their statu 
nascendi. Such are the conditions necessary to conceive mathe- 
matics not as something already achieved and static, but as one 
dynamic process which can be unlimitedly developed and perfected" 
[ll . 
The total number of books and articles published by Markushe- 
vich well exceeds three hundred. About twenty of them are de- 
voted to the history of mathematics. His first work in this 
field, a result of serious research, was written for his manual, 
%IeMeHTbI Te0pI.m aHaJmTHPeCKPiX @yHKuEIfi (Elements of the 
Theory of Analytic Functions, Moscow, 1944). This work, meant 
for teacher training colleges, is introduced by a preface con- 
taining a historical exposition of how the methods of solving 
the basic problems of the theory under discussion were formulated 
and initially developed. The book is similar in its structure 
to G. Hardy's Divergent Series (1949) and to E. Borel's Leqons 
sur les s6ries divergentes (1901). All three works contain ab- 
sorbing and lucid introductory sections which outline the origins 
of corresponding problem areas as well as the evolution of ap- 
proaches to their study and the overcoming of various difficul- 
ties. In his introduction, Markushevich first deals with the 
analytic functions of a real variable and the notion of analytic 
representability of functions. He then proceeds to the functions 
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of a complex variable and gives a fine historical essay on the 
theory of analytic functions, from Leibniz and John Bernoulli I 
to Riemann and Weierstrass. Two aspects of this work are note- 
worthy: a crystal-clear exposition of the famous controversy 
between Euler and D'Alembert on the nature of logarithms of neg- 
ative numbers, and an analysis of the role in the works of these 
two scientists of the differential equations connecting the real 
and imaginary parts of an analytic function. These equations 
were later developed by Cauchy and, in particular, by Riemann, 
whose names they usually bear. 
Markushevich's recent manual, BseAeHne B TeOpam aHaJ-M- 
TkIUeCKUX @yHKI&BB (Introduction to the Theory of Analytic 
Functions, Moscow, 1977), for teacher training colleges, was 
written in collaboration with his daughter, Lada A. Markushevich, 
and also includes a historical study. Although much shorter than 
the previous version, it contains some facts that were unknown 
to the author in 1944. In this case, however, the historical 
essay is not so closely related to the manual proper. It is 
incorporated in two addenda which follow the sections on the 
application of analytic functions to hydromechanics, and con- 
cludes by proving Zhukovsky's theorem of aircraft wing lift. 
The historical approach, characteristic of the Elements of 
a Theory of Analytic Functions, was again fundamental in 
Markushevich's last book, BBeneHMe B KJ-iaCCHneCKym TCOPHH) 
a6eneBhTx @YHKIJUIIR (Introduction to a Classical Theory of 
Abelian Functions, Moscow, 1979). This was published just be- 
fore his death. The theory of Abelian functions became a basic 
mathematical discipline in the 19th century, but then lost for 
a while its former value, at least in the eyes of leading math- 
ematicians. Subsequently, however, there was a surge of interest 
in Abelian functions, owing to a discovery of their interrelations 
with algebraic geometry, complex analysis, and commutative alge- 
bra. Several books deal with Abelian functions in exactly this 
way. First, in his course of lectures, delivered at Moscow 
State University in 1976-1977, and then in this book, Markushevich 
suggested an original exposition of the subject on the basis of 
a classical theory of functions, taking into account the develop- 
ment of the theory of functions of many complex variables (p. 65). 
What is noteworthy, as was emphasized in the Preface, is the de- 
tailed historical introduction which forms the first of the four 
chapters of the book. This chapter covers the history of the 
theory of Abelian functions from the middle of the 18th century 
(beginning with Euler's addition theorems for elliptic integrals) 
to the ramifications of the theory in a number of different 
directions in the second half of the 19th century, due to the 
work of Riemann and Weierstrass, Klebsch and Jordan, and Dedekind 
and Weber. The last paragraph of this historical chapter gives 
a comparative description of these directions and the path ex- 
plored further by Markushevich himself. The book, as well as 
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the preceding course of lectures, was a result of historical 
investigations which he carried out, as is mentioned below, 
throughout all his last years. 
Markushevich was also the author of several well-known popu- 
lar scientific books in which he successfully employed historical 
data. For example, his booklet PRA~I (Series, issued in a re- 
vised and enlarged edition, Moscow, 1979), contains historical 
passages that are either closely interlaced with mathematical 
exposition (the binomial theorem, logarithms) or contained in de- 
tailed footnotes (Euler and Abel on divergent series and others). 
All this is conducive to enhancing the reader's interest and 
extending his scientific outlook. It should be recalled, in 
this connection, that it was Markushevich's idea to include 
various historico-scientific data in the aeTCKaFI 3HI&MKJlOIIeJJHff 
(Children's Encyclopaedia), of which he was the editor-in-chief. 
The first lo-volume edition of this unprecedented work (1958- 
1963) was later reprinted in 12 volumes and translated into many 
national languages of the USSR, and several foreign languages. 
Extensive historical studies or references are also contained 
in several articles written by Markushevich for the second edition 
of the ~OJIbJ.Ua!J COBeTCKaR 3H~HKJlOIIeJ&Vi (The Great Soviet 
Encyclopaedia). These include "Analytic Functions" (Vol. 2, 
1950), "Series," co-authored with A. P. Youschkevitch (Vol. 37, 
1955), "Elliptic Functions" (Vol. 48, 1957), and others. The 
first of the aforesaid articles gives a wide coverage of works 
by Russian and Soviet scientists beginning with Yulian V. 
Sokhotskii. 
Several other articles by Markushevich are devoted to the 
works of some eminent mathematicians. One of these articles 
represents a first study of the contributions made by Sokhotskii 
to a general theory of analytic functions: "BKJ-faJi D.B. 
COXO~KO~O B 061qy10 TeopklH) aHamiTmecmx @YHKLW~~," in 
MCTOpHKO-MaTeMaTPiuecKHe MCCJIe~OBeHHR, Volume III (1950). 
Markushevich showed that the Master's thesis (1868) of this 
renowned disciple of Chebyshev contained a formulation and proof-- 
in terms differing from those now accepted--of an important 
theorem of the behavior of an analytic function in the neighbor- 
hood of an isolated essential singular point. The same theorem 
was formulated simultaneously with Sokhotskii's by the Italian 
mathematician F. Casorati. Karl Weierstrass, who was also aware 
of this theorem at the same time, published it in 1876, making 
it a starting point for many important investigations. There 
is no doubt that Weierstrass, Casorati, and Sokhotskii came to 
this theorem independently of each other, and, in all fairness, 
it should bear the names of all three authors. In fact, however, 
it only bears the name of Weierstrass. In the same article, 
Markushevich stated that Sokhotskii, in his doctoral dissertation 
(1873), had already begun to study the boundary values of inte- 
grals of Cauchy's type, and had obtained several results that were 
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obtained again much later by a Serbian mathematician, J. Plemelj 
(1908) . 
Similarly, Markushevich's works on Euler and Gauss are worthy 
of note, especially his report "OcHoBHme DOHRTH~~ MaTeMa- 
THV~CKO~~ anankI3a Ei TeopBB ~YHK~E~B B TpyAax Sinepa," 
in &oHapA ?lI%Iep.C6OpHaK CTaTeti ("Basic Notions of a 
Mathematical Analysis and Theory of Functions in Euler's Works," 
Moscow, 1958), delivered at the commemorative scientific session 
of the Department for Physical and Mathematical Sciences and the 
Department of Technical Sceinces of the USSR Academy of Sciences 
in 1957. The report contains a fact never mentioned previously, 
namely, that Euler, in his classical work on the calculus of 
variations, Methodus inveniendi lineas curvas . . . (1744), though 
giving no clear definition, employed the notion of a function of 
a line, i.e., of a functional. Euler used the notion of the 
function of a real variable more broadly, in general, than in 
Volume I of the Introduction in analysi infinitorum, published 
in 1748. Markushevich also pointed to a more general definition 
of function in Euler's Institutiones calculi differentialis 
(1755). This definition is echoed by the well-known definitions 
of Lobachevsky (1834) and Dirichlet (1837). Finally, the article 
contains a comparison of the arguments advanced by D'Alembert 
and Euler in the controversy on the nature of arbitrary functions 
that could be admitted as solutions of partial differential 
equations, particularaly in the vibrating-string problem. Im- 
portant additions, however, were later introduced to the history 
of that dispute, involving the majority of leading mathematicians 
in the second half of the 18th century. 
Regrettably, the diversity of questions dealt with makes it 
impossible to consider in detail here an earlier extensive article 
by Markushevich, "Pa60Thz rayCCa I-IO MaTeMaTM=IeCKOMy 
aHanu3y" ("The Works of Gauss on Mathematical Analysis"), 
prepared for the book Kapn @3MApWX I'ayCC (Moscow, 1956). 
This article contains a penetrating analysis of all basic in- 
vestigations in this field by Gauss, including problems of the 
arithmetic-geometric mean, general theory of analytic functions, 
elliptic and modular functions, hypergeometric series, multiple 
integrals, mechanic quadratures, and so on. This work was also 
published in German: "Die Arbeiten von C. F. Gauss iiber Funk- 
tionentheorie," in C. F. Gauss. Gedenkband (Leipzig, 1957). 
Markushevich summed up the general results of his first in- 
vestigations on the history of mathematics in OrIepKH l-IO 
ac~op~ia Teopmi aHankmmecmix QYHKUEIB (Essays on the 
History of a Theory of Analytic Functions), published in Moscow 
and Leningrad in 1950. This book was also published in a German 
translation, Skizzen zur Geschichte der analytischen Funktionen 
(Berlin, 1955). The contents of the book are quite original. 
The first two essays contain a concise general review of the 
history of this theory up to the end of the 19th century, and 
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the three following essays are somewhat related to the develop- 
ment of mathematics in the USSR that have not been sufficiently 
dealt with in world literature. The third essay deals with the 
application of Lobachevsky's geometry to the theory of automor- 
phic functions (Poincar6 and others), and the fourth describes 
the development of Chebyshev's ideas on the approximation of 
functions in the theory of analytic functions (a constructive 
theory of functions; quasi-analytic functions of Academician 
S. N. Bernstein; numerous works by Academicians M. A. Lavrentiev, 
M. V. Keldysh, and others on the approximation of functions in 
a complex domain; works by A. 0. Gelfond, a corresponding member 
of the USSR Academy of Sciences, and others on interpolation, 
and so on). The last, the fifth, essay, represents a modification 
of more detailed review of research on the theory of functions 
by A. Bermant and Markushevich, contributed to the symposium 
MaTeMaTnKa B CCCP 3a TpHAqaTb neT (Thirty Years of Math- 
ematics in the USSR), published in Moscow and Leningrad in 1948. 
Alexei Ivanovich was one of the editors of this symposium. 
In 1976 Markushevich again took up the general history of a 
theory of analytic functions while preparing a corresponding 
section of the second book of the collective work WTOPHR 
MaTeMaTklKM XIX BeKa (The History of Mathematics in the 19th 
Century), edited by A. Kolmoqorov and A. Youschkevitch. The 
first book was published in 1978. This work required the use of 
new primary sources and a reappraisal of the entire course of 
development in that field of mathematics. The text of 300 typed 
pages was finished by Markushevich in the spring of 1979 and 
contains an excellent and highly original exposition of the de- 
velopment of a general theory as well as a theory of elliptic 
and Abelian functions. It is premature to discuss it in detail 
since it is in press and not yet published. One may recall that 
the aforementioned university course of lectures and the book 
on the theory of Abelian functions were by-products of its prep- 
aration. Moreover, some conclusions from this study were included 
in Markushevich's report "HeKoTopbIe ~onpocb~ ncTopnn Teopkin 
aHannTHYecKnx @,YHKL&MR B 19 B”, submitted to the Inter- 
national Congress of Mathematicians held in Helsinki (August 
1978). The report, as well as its enlarged version, was published 
in Proceedings of the International Congress of Mathematicians, 
Volume 2 (Helsinki, 1978), and in kiCTOpHKO-MaTeMaTWI’ZXKPie 
nccneAoBaHnR, Volume XXV (1980). 
The focus of the report is an analysis of the famous doctoral 
dissertation by Riemann on a general theory of functions of a 
complex variable (1851) which, as Markushevich emphasized, ap- 
eared to be a kind of mathematical explosion because of its highly 
unexpected way of treating the subject, starting from the defin- 
ition of analytic functions as differentiable in a complex domain 
and considering them as multiple-valued functions by means of the 
newly introduced "Riemann surfaces,ti while considering as well 
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characteristics of functions in terms of their boundary properties 
and so on. Riemann's dissertation contained no references to 
previous works of other mathematicians and was quite different 
from them. Markushevich developed a fresh approach to the re- 
lation of Riemann's dissertation to earlier works. By means of 
a thorough analysis and unexpected comparisons, he established 
the connection of ideas, contained in Riemann's works, with con- 
tributions by Cauchy, as well as with V. Puizeux's Recherches 
sur les fonctions alggbriques, published in 1850 when Riemann's 
dissertation was at its initial stage. Markushevich advanced 
arguments to prove that Riemann was aware of Puizeux's results. 
These are characterized as "blanks" or "patterns" of sorts for 
the notion of a closed Riemannian surface. No direct evidence 
exists to prove that Riemann, while preparing his dissertation, 
read Puizeux's memoir. It may have been so. But, be that as it 
may, Markushevich's analysis of Puizeux's memoir, conceived for 
the first time in terms of the development of a general theory 
of analytic functions, is of great value. Puizeux described, 
in a different language, the structure of the n-sheeted Riemann 
surface defined by some algebraic function. Puizeux also had 
some topological ideas which were used by Riemann in a more de- 
veloped form. Independently of Weierstrass, Puizeux also applied 
the process of analytic continuation of the function along the 
curve 121. The report and the article attach particular im- 
portance to Riemann's attitude toward the problem of analytic 
representability of functions, which to him was of much greater 
concern than is usually believed. Even these few remarks attest 
to the significance of this new extensive work by Markushevich. 
We have given here a brief description of only some of 
Markushevich's works on the history of mathematics. He was also 
interested in other matters that have nothing to do with the 
theory of functions. He suggested, for example, a new interpre- 
tation of Book X of Euclid's Elements, containing a classifica- 
tion of quadratic irrationalities: kiCTOpPiKO-MaTeMaTHneCKkie 
MCCJ-Ie,qOBaHMR, Volume I (1948). Another example of his work 
is an article, partially bibliographical and partially historical 
and scientific, on West European mathematical dictionaries and 
reference books in the 18th century: “KHara.RxJle~OBaHMR 
M MaTepxanm, ” issue 10 (Moscow, 1965). 
During the last weeks of his life Markushevich was involved 
in a collective article containing a critical survey of the two- 
volume Abr696 d'histoire des mathematiques, recently edited by 
J. Dieudonng (1978). This review appeared in the magazine 
Borrpochl. kICTOplWi eCTeCTB03HaHMR M TeXHEIKki, 3 (1980). 
Markushevich's investigations, briefly described here, serve 
as a graphic example of the fruitful interaction and sometimes 
even the fusion of mathematical and historical-mathematical 
research. 
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NOTES 
1. Markushevich, A. I. 1977. BCTpeW C KJlaCCPiKaMM. 
MaTeMZiTkIKa B LIKOJIe 5, 85. 
2. Recently, Dr. Erwin Neuenschwander, in studying Riemann's 
papers in Gettingen, has fully confirmed Markushevich's arguments 
in favor of Riemann's being aware of Puizeux's (and, as well, of 
Cauchy's) results. See E. Neuenschwander, "cber die Wechselwir- 
kungen zwischen der Franzoesischen Schule, Riemann und Weier- 
strass," Studies in the History of Complex Function Theory II 
(Department of the History of Science, Harvard University, 3- 
1980. Preprint for comments). 
